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Abstract 

Pasti, Sorokin and Tonin have recently constructed manifestly Lorentz- 
invariant actions for self-dual field strengths and for Maxwell fields with 
manifest electromagnetic duality. Using the method of Deser, Gomberoff, 
Henneaux and Teitelboim, we generalize these actions in the presence of 
sources. 
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1 Introduction 



Recent interest in duality has renewed the search for actions where duality 
symmetry and Lorentz invariance are manifest. At the present time, there are 
two types of actions where these symmetries are manifest. The first type of 
action is quadratic but contains an infinite number of fields. It was first discov- 
ered in two dimensions for describing chiral bosons |jj , and later generalized to 
arbitrary self-dual fields (2) and to Maxwell fields with manifest electromagnetic 
duality ||. In ten dimensions, it was rediscovered by analyzing the massless 
Ramond-Ramond sector of superstring field theory Q. By studying the cou- 
pling of D-branes to the massless Ramond-Ramond string fields, this first type 
of action was generalized in the presence of sources Q . 

The second type of manifestly covariant action with manifest duality con- 
tains a finite number of fields but is non-polynomial in these fields q, |t]]. It 
was discovered by Pasti, Sorokin and Tonin (PST) and "covariantizes" actions 
found earlier |9| which were manifestly dual but not manifestly Lorentz- 
covariant. This PST action was inspired by an incorrect action of Khoudeir and 
Panto j a |h], plj . Equivalence among different formulations is of interest not 
only at a classical level ||, but also at a quantum level |jl2). Recently, Deser, 
Gomberoff, Henneaux, and Teitelboim showed how to introduce sources into 
the non-manifestly covariant versions of these actions Jl3| . Their method uses 
a field strength whose definition is modified in the presence of sources, as well 
as a coupling term of the type 11 A ■ j" . 

In this paper, we "covariantize" their procedure, thereby generalizing the 
manifestly covariant PST actions in the presence of sources. In the second 
section of this paper, we generalize the PST action for self-dual fields ||, and in 
the third section, we generalize the PST action for Maxwell fields with manifest 
electromagnetic duality @. 

Our conventions are as follows: We use uncapitalized latin letters to denote 
space-time indices and capitalized latin letters to denote space indices. We 
work with the metric g mn = diag(—l, +1, . . . , +1). The antisymmetrization of 
space-time indices of a tensor is done without adding any additional factor, for 
example, 

2 Manifestly Lorentz-invariant chiral 2-form 
action with sources 



In ref. Q, Pasti, Sorokin and Tonin write a manifestly Lorentz invariant 
action for a chiral 2-form field, which is an antisymmetric field A mn (x) propa- 



f 



gating in a 5 + 1 dimensional Minkowski space-time whose field strength Fi mn (x) 
is a self-dual field on shell. This means that 

Flmn(x) = *F lmn (x), (2) 

where, in general, the dual of a field Ci mn (x) is defined as 

We are using the convention 

Fimn{x) = diA mn (x) + d m A nl (x) + d n A lm (x). (4) 
The generalization of the action of ref. Q in the presence of sources is 

S = [ d e x(-lH lmn H lmn + — 1 B m a H mnl H nlr d r a - A ln j ln ), (5) 
J 6 2{o q a o q a) 

where j is the source (for self-dual fields the electric and magnetic sources are 
equal) and 

Hi mn = Fi mn + *Gi mn (6) 

is the modified field strength. F[ mn is still defined by ([|) and satisfies Bianchi 
identities d l (*Fi mn ) — 0. Gi mn is defined to satisfy 

diG lrnn - j mn = 0. (7) 

Himn is an anti self-dual field defined as 

^Imn — H[ mn — *Hi rnn . (8) 

The action in dq) is manifestly Lorentz invariant and coincides with the original 
action of ref. pj when there are no sources. We will show that it describes the 
dynamics of a chiral 2-form in the presence of sources by comparing this action, 
in a certain gauge, with the non-manifestly covariant one of ref. fl3|| . 

Making use of the identity v\ l H mn]s u s = 2(u s u s )H lmn + e lmnsuv u w u s H uvw 
for ui = dia, the equation of motion for A mn {x) leads to 

And now, considering the identity 

e lmnpqr d n (T lm p a T qr ) = 2 T lm e lmn ™ r d n (d p a T qr ), 
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in the case of Ti m = (@ ka Qk a \ T~Llmid %a , the equation of motion for a(x) may be 
written as 

1 H lml &a^ je'™^ ( 1 p o H qrs d s a^j 1 = 0. (10) 



(dka d k a) 



Thus, when considering (|^), this last equation becomes simply an identity. This 
happens because a (a;) is a gauge held as can be seen by observing that the 
following gauge transformation leaves the action invariant: 

5a(x) = 4>{x), SA mn (x) = — — — - -i-Hmns d s a. (11) 

(o q a oia) 

Since a{x) transforms without derivatives, its gauge choice can be directly 
substituted in the action (|J) leading to a Lorentz non-covariant formulation of 
it. Choosing the gauge d m a = <5^, this substitution leads to 

S = J d 6 x(~H lmn H lmn + ^n 0n iH nM - A ln j ln ). (12) 

Using that H lmn H lmn = 3H QAB H 0AB -3*H ab*H 0AB and identifying E AB = 
-H aAB and B AB = - * H 0AB we end up with 

S = J d e x(E AB B AB - B AB B AB - A ln j ln ), (13) 

which, except for a factor 4, is the action of Deser, Gomberoff, Henneaux and 
Teitelboim @ 0. 

3 Lorentz-covariant formulation for duality 
symmetric Maxwell action with sources 



In this section we generalize the PST action for Maxwell fields by consid- 
ering the coupling of these fields to external sources. Their action is a Lorentz- 
invariant version of the one found by Schwarz and Sen 0j in which, for the 
purpose of having manifest duality in the action, an additional Abelian held is 
included. 

The procedure is straightforward from what we did in the previous section. 
In this case the action is 



S= d 4 



g H mn H T" - 4(d a dia) dma ^™" W « P d p a+ -A^tapj 13 " 1 



. (14) 



1 In deriving (|l3|) wc have made the following identification between the 5 index Levi-Cita 
symbol used in ref. Jl^ ] and o 



,ABCDE _ .ABCEDO 
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where the two Abelian fields are A™ (a = 1, 2) and 



pa 



i-f a 



TTOL 

mn 
_ c af3 



— p a 

mn 



- *H a 



(15) 
(16) 
(17) 



e a @ is completely antisymmetric on its indices, with e 12 = 1. The metric tensor 
for the internal space is g a g — S a g. 

Again, G amn is an external field, related to the sources by the condition 



d m G amn + j an 



0. 



(18) 



Our action ( |l4| ) coincides with that of Pasti, Sorokin and Tonin |Q when 
there are no sources. Note that the field Ti. mn defined in ( |l6| ) is self-dual with 
respect to the Lorentz and internal indices: H m , 



l a/3 
2 C 



Now, using the identity u p Ti. 



apn-.m 



-( U Pu p )H c 



nj. 

^mnpq <lg 



l"l 



^nmst „ ,qiJ n . 



u v H c 



for U[ = dia, the equations of motion with respect to A an (x) and 



a{x) lead respectively to 
e mn P q dn 



77 1s s 9 p a U a d r a 
(o s ao s a) H 



= 0, 



(19) 



d l a H 
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(dka d k a) 



77 7T S , d p a U a d r a 
(o s ao s a) H 



0. 



(20) 



Again, equation ( f20|) becomes an identity when (|T^) is considered and this 
happens because a(x) is a gauge field. This can be seen by noting that the 
following gauge transformation leaves the action (14) invariant: 



Sa(x) = 4>{x), SA? n (x) = 4>(x) 



{d q a dia) 



(21) 



In the same way as was noted in the previous section, as the transformation for 
a(x) doesn't involve any derivatives, the gauge fixing of this field can be done 
at the level of the action. Using the gauge d m a = 6^ and the identity 

2*H 0N *H 0N (N = 1,2,3), 



TjoL Tjmn 
H mn H a 



ZH 0N H a 



the action (|14|) adopts the form 
S ~ 2 



d 4 a 



e af3 B a ■ E' -B a -B a + A^e a pj 



3 m 



(22) 



where E' aN = H a0N and B aN = *H aON . 



In (H) we have E 



= E a 



N 



d N A a0 , where E aN is the "electric field" appearing in |13j. The action ([22|) 
coincides with the Maxwell action of ref. fu| , in the case of external sources, 
after cancelling the term Aq e a 8j^° with the contribution coming from d N A a0 
m E 
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